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ABSTRACT
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EQUATIONS AN D  TH EIR M ULTI-H AM ILTO NIAN
STRUCTUR E
Bahtiyar Özgür Sariogiu 
M.S. in Mathematics 
Supervisor: Prof. Dr. Yavuz Nutku 
June 15, 1993
We have identified a completely integrable family of Monge-Ampère equa­
tions through an examination of their Hamiltonian structure. Starting with a 
variational formulation of the Monge-Ampère equations we have constructed 
the first Hamiltonian operivtor through an application of Dirac’s theory of con­
straints. The completely integrable class of Monge-Ampère equations are then 
obtained by solving the .Jacobi identities for a sufficiently general form of the 
second Hamiltonian operator that is compatible with the first.
Furthermore, Chern, Levine and Nirenberg have long ago pointed out the 
distinguished role that the complex homogeneous Monge-Ampère equation 
plays in the theory of functions of several complex variables. In particular 
Semmes has called attention to the symplectic structure of the geodesic flow 
defined by this equation. A new approach to this problem in the framework of 
dynamical .systems ( with infinitely many degrees of freedom ) shows that it is 
a completely integrable system. This example exhibits several new features in 
the theory of integrable systems as well. Namely it is an integrable system in
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arbitrary dimension and furthermore admits infinitely many symplectic struc­
tures. The latter is the key to a proof of integrability through Magri’s theorem 
which requires only bi-Hamiltonian structure.
ÖZET
M O N G E -A M P E R E  DENKLEM LERİNİN EN TEG R E  
EDİLEBİLİR BİR AİLESİ V E  BUNLARIN ÇOKLU  
H AM İLTO N YEN  YAPILARI
Bahtiyar Özgür Sarioğlu 
Matematik Bölümü Yüksek Lisans 
Tez Yöneticisi: Prof. Dr. Yavuz Nutku 
15 Haziran 1993
Bu tezde, Haıniltonyen yapılarını inceleyerek tamamen entegre edilebilir 
bir Monge-Ampère denklemleri ailesi bulduk. Varyasyonel formülasyondan 
başlayarak Dirac’ın zorlamalar (constraints) teorisinin uygulanmasıyla birinci 
Haıniltonyen operatörünü inşa ettik. Daha sonra, ilk Haıniltonyen operatörüyle 
bağdaşacak (compatible olacak) ikinci bir Haıniltonyen operatörünün yeterince 
genel bir formu için .Jacobi özdeşliklerini çözerek tamamen entegre edilebilir bir 
Monge-Ampère denklemleri sınıfını elde ettik.
Üstelik, Chern, Levine ve Nirenberg kompleks homojen Monge-Ampère 
denkleminin çok kompleks değişkenli fonksiyonlar teorisinde oynadığı ayrıcalıklı 
rolü çok önceden işaret etmişlerdi. Özellikle Semmes bu denklemin jeodesik- 
lerinin tanımladığı simplektik yapıya dikkati çekmişti. Sonsuz sayıda özgürlük 
derecesindeki dinamik sistemler çerçevesinde yaklaşım, bu problemin tamamen 
entegre edilebilir bir sistem olduğunu gösterdi. Bu örnek, entegre edilebilir sis­
temler teorisi için de yeni birçok özellikler taşıyor. Bu sistem, keyfi boyutlarda 
entegre edilebiliyor ve üstelik sonsuz sayıda simplektik yapı kabul ediyor. Son
VI
özellik, aslında sadece ikili-Hamiltonyen yapının yeterli olduğu Magri teoremi­
nin kullanımıyla entegre edilebilirliğin ispatında anahtar rol oynuyor.
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Chapter 1
Introduction
A system of differential equations is called bi-Hamiltonian [1], if it can be 
written in Hamiltonian form in two distinct ways:
X — Jq8H\ — JiSHq^ xcM ( 1)
where M  is a real or complex 7i-dimensional manifold, 8 denotes the variational 
derivative, dot denotes the derivative with respect to time Hq{x ), Hi{x) 
are the two Hamiltonian functions, and Jo(^)» skew symmetric n x
n Hamiltonian matrices, not constant multiples of each other, determining 
Poisson brackets on M:
(F, G j, =  8F^J,(x)8G , // =  0,1.
The Jacobi identity requires that each J^(x) satisfy a quadratically nonlinear 
system of partial differential equations [2], namely:
=  0 i ,  j , k  =  1 , 2 , . . . ,  n ,  u =  0 , 1  , ^1 =
where x\ i =  1,2, denote the coordinates of x in a local chart.
We call the structure defined by Jq{x), J\{x) a Hamiltonian pair. The 
Hamiltonian pair is compatible if the sum Jo{x) +  J\{^) also determines a 
Poisson bracket, which, owing to the quadratic nature of the Jacobi identity, 
implies that any constant coefficient linear combination of Jo{x) and J\{x) is 
also a valid Poisson bracket. In the .^ymplectic case, each Ju{x) is nonsingular
( so 71 is necessarily even ), and the nonlinear Jacobi conditions can be replaced 
by the linear condition that the symplectic two-forrns
fti, =  A K^{x)dx, Ki,{x) =  Ju{x)
are closed, i.e. =  0. Compatibility is equivalent to the closure of the
two-form
l-dx'  ^A [/t:o(.г·) +  Kr{x) -1] -\lx.
According to the fundamental theorem of Magri [1], provided certain techni­
cal hypotheses hold, bi-Hamiltonian systems for compatible Hamiltonian pairs 
are completely integrable.
Theorem. Suppose ,/o> J\ form a compatible Hamiltonian pair, with ,/o 
symplectic. For each associated bi-Hamiltonian system (1), there exists a hier­
archy of Hamiltonian functions / / q, Hi·, all in involution with respect
to either Poisson bracket, {Hj,Hk}u =  0, generating mutually commuting bi- 
Hamiltonian flows
i  =  JoSHk+r = Jidfh, k =  0,1,2,...
Thus such bi-Hamiltonian systems ai’e completely integrable in the clas­
sical sense provided enough of the Hamiltonians in the associated hierarchy 
are functionally independent. Note that for a given pair, the corresponding 
bi-Hamiltonian systems are found by solving the linear system of partial dif­
ferential equations
6Ho =  RSIh, R =  Jf^Jo =  KiKo~\ 
where R is the transpose of the recursion operator [.3].
This thesis is devoted to an investigation of the possible bi-Hamiltonian 
structure of the Monge-Ampère family of equations.
Chapter 2
Monge-Ampère Family of Equations
One oi the major families of nonlinear partial differential equations in 1 +  1 
dimensions that has not been sufficiently investigated for its possible complete 
integrability is the Monge-Ampère family
llxx '^ tx — ^ ( 2 )
where F  is an analytic function of its arguments, (which in general consist of 
u and its first derivatives). The non-existence of a linear dispersive part to 
eqs.(2) is responsible for their exclusion as a candidate from various extensive 
searches for completely integrable equations [4]. On the other hand the origins 
of the Monge-Ampère equation in differential geometry suggest that for some 
particular choices of F, eq.(2) may indeed turn out to be completely integrable. 
In this context we recall that
F
K { \ + u ^ ± u ^ f
K
a- 4
jlUtt + +  .F'li XX + ./ 4
(2a)
(2b)
(2c)
(2d)
(2e)
are familiar examples of Monge-Ampère equations that cirise in well-known 
problems of geometry. Eq.(2a) is the original Monge-Ampère equation that 
describes surfaces of constant curvature K  =  ±1 ,0  which could therefore be 
gauge-equivalent [5] to either the sine-Gordon or the Liouville equations. The
3
deceptively simpler-looking case of eq.(2b) has been studied [6] in connection 
with heavenly metrics in complex general relativity. Similarly eq.(2c) is a 1 +  1 
version of the equation governing the Kahler potential for the KZ surface of 
Kummer [7] for which the metric has remained elusive for over a century in spite 
of its importance as an instanton in quantum gravity [8]. Finally Rogers[9] has 
pointed out that eq.(2d) is related to the Dodd-Bullough equation through an 
integrable choice of the equcition of state for Eulerian gas dynamics. Martin [10] 
has given examples of Monge-Ampère systems as reductions of the equations 
of gas dynamics. Some of these are integrable. Martin’s systems are of the 
type of eqs.(2e) where the right hand side is linear in the second derivatives 
and fi depend on x ,t  as well as u and its first derivatives.
The Lagrangian for the Monge Ampère 
Family
Chapter 3
One of the most direct ways of identifying a completely integrable nonlin­
ear partial differential equation consists of an examination of its Hamilto­
nian structure. In particular, if we can find two independent but compatible 
non-degenerate Hamiltonian operators for a given equation, then by Magri’s 
theorem[l] it follows that there exists an infinite family of conserved Hamilto­
nians which are in involution with respect to the generalized Poisson brcickets 
defined in terms of both of these Hamiltonian operators. In general this is a 
formidable task, but there is an algorithm [11] for constructing the first Hamil­
tonian operator: The first generalized Poisson bracket is the Dirac bracket 
[12].
The first step towards a Hamiltonian formulation of any system requires 
the existence of a Lagrangian. The Monge-Ampère family of eqs.(2) are the 
Euler-Lagrange equations for the variational principle
¿7 = 0,  ^ ~ j
where the Lagrangian is given by
=  CljCg -|- $
jCb =  — |(I +  ~ 2UtUxUxt -|- (1 — U¿)Uxx^
(3)
(за )
(зб)
and Î2, 4> are in general functions of u and its first derivatives which must be 
specialized according to the desired choice of F  on the right hand side of eq.(2). 
The crucial part of the Lagrangian that yields Monge-Ampère operator on the 
left hand side of eq.(2) is Cg. This is a second order degenerate Lagrangian and 
the passage to the Hamiltonian formulation of such degenarate systems requires 
the use of Dirac’s theory of constraints [12]. We note that Cg happens to be 
precisely of the form of the Born-Infeld equation, i.e. the hyperbolic version 
of the equation governing minimal surfaces. It is interesting to recall that 
the Born-Infeld equation itself admits the richest Hamiltonian structure[13] 
among all the 2-component equations of hydrodynamic type[14]. Finally, it 
can be readily verified that the particular choices
Ü =  { l ± u i  +  u l)- ' Ku (4a)
' 3Ku (4b)
n =  1 $ =  < 3e“ (4c)
—u~'^ (4d)
yield eqs.(2a) through (2d) respectively. For H =  1, eq.(.3b) reduces to
1 2 1 2 (3c)
which is familiar from surface theory [15]. The symmetries of eqs.(3b) and (3c) 
are well-known and they can be used to construct Noether currents for the 
Monge-Ampère equations provided that the choice of is compatible with 
these symmetries.
Chapter 4
The Hamiltonian Formulation
In order to pass to a Hamiltonian formulation of the various Lagrangian systems 
in eqs.(3) we need to start with an equivalent fu’st order form which depends 
only on the velocities. Thus we rewrite the Monge-Ampère equations in the 
form
u t  =  q  ( 5 a )
(56)
appropriate to a pair of evolution equations. We shall henceforth use u* with 
i =  1,2 ranging over the variables u,q respectively. For H =  1 the Lagrangian 
for the first order form of the Monge-Ampère equations is given by
 ^ 1 2 i 2
^ -  T7</ '^ xx +
where F  is a gradient with potential This is manifestly a degenerate La­
grangian as its Hessian vanishes identically. Thus we need to apply Dirac’s 
theory of constraints in order to cast it into canonical form. For H = 1 Dirac’s 
theory yields
H, =  +  i> (6)
as the Hamiltonian function and the Dirac bracket gives rise to the Hamiltonian 
operator
J o -  ° (7)
^xx ^xx
7
with D =  dfdx. It can be verified that Jq satisfies the Jacobi identities and 
the equations of motion (5) are cast into canonical form
u\ =  Jo^^6Hi/Su^
Furthermore Jo is a non-degenerate Hamiltonian operator with the inverse
q^D +  Dqx -Ux,
I<o^
u. 0
(8a)
so that an alternative statement of Hamiltonian structure [16] is provided by 
the symplectic 2-form
(jJo =  qxdu A dux — Uxxdu A dq 
which can be readily verified to be a closed 2-form.
(86)
Chapter 5
The Bi-Hamiltonian Structure
The Hamiltonian operator (7), or its symplectic counterpiirt (8) is applicable to 
a wide variety oi Monge-Ampere equations but it is not by any means sufficient 
to show the integrability of any one of them. For this purpose we need to find 
at least bi-Hamiltonian structure. That is, a second Hamiltonian operator Ji 
such that the Lenard-Magri recursion relation
tn+1 n =  0 ,1,2,... (9)
is satisfied. The clue to the possible existence of J\ and the infinitely many 
conserved Hamiltonians / / „  comes from the observation that for all equcitions 
of the type of eq.(2)
(10a)n ^
is conserved. This can be inferred from the flux of Hi in eq.(6) and the symme­
try between x ,t  in eqs.(2). The knowledge of Hq provides crucial information 
on the structure of Ji by enabling us to concentrate on the n =  0 case of eqs.(9). 
Then the .Jacobi identities determine which particular equation among eqs.(2) 
will admit bi-Hamiltonian structure.
In order to simplify the discussion of the second Hamiltonian operator we 
shall first restrict our attention to
-  u J  =  0 ( 11)
10
which will be referred to as the “homogeneous” Monge-Ampère equation. In 
this case it can be readily verified that
■h =
0 ‘^ x’^ XX
\
-  ?
^ ¿¿2 ; l ix x '^ x'^ xx '^ x'^ xx /
( 12)
is the second Hamiltonian operator. It satisfies the .Jacobi identities and eq .(ll) 
can be expressed as a Hamiltonian system in two different ways through eqs.(9). 
Furthermore Jo,Ji are compatible Hamiltonian operators since Jq ■+ fij^ with 
H an arbitrary constant also satisfies the Jacobi identities. Then, by Magri’s 
theorem, we have infinitely many Hamiltonians
M 1 2 ^0 =  2 “ ^ (lOa)
H\ — qqx^x (106)
H2 =  l^q^qxlnux (10c)
TT ^ 3
^ ^ 3  =  ., q qxoUx (lOJ)
which are in involution with respect to Poisson brackets defined by both Jo 
and J\. Eqs.(lO) suggest that for an arbitrary differentiable function / ,  the 
quantity
( 10')
V XLx
is conserved by virtue of the homogeneous Monge-Ampère equation and this 
is readily verified.
The symplectic 2-form that corresponds to the second Hamiltonian operator 
for the homogeneous Monge-Ampère equation is obtained by inverting Ji which 
yields
_J_ JJ ^ xQx _ '^ X^ XX
Kx =
and we have the closed 2-form
'lix 11XX 0
X^^ lx 7 . 7 y'x'^ XX 7 7uj\ = ------ du A dUx------------ du A dq,
q q
(Via)
(136)
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Thus in eqs.(8b) and (13b) we have a symplectic pair. The existence of the 
inverses of the Hamiltonian operators (7) and (12) is sufficient to establish their 
non-degeneracy so that the conditions of Magri’s theorem are fulfilled. Since 
we have a non-degenerate pair of compatible Hamiltonian operators for the 
homogeneous Monge-Ampère equation we can assert its complete integrability 
[17], [18].
Knowledge of the Hamiltonian and symplectic operators for the homoge­
neous Monge-Ampère equation (11) enables us to obtain the recursion operator 
[3] through 71 =  ■ We find that it is a local operator given by
71 =
JL
JL·
y -  ^  u7
0
JL
and satisfies
where
T^ t — [“^ ) ^]
■^D'^ 2 ^ Du j  <J-xx
(14a)
(146)
(14c)
All the higher flows obtained by an application ol the recursion operator to the 
Monge-Ampère flow (5) yield the homogeneous Monge-Ampère equation (11) 
itself up to a weight factor which is for the t,i+i-flow.
Chapter 6
A Family with Multi-Hamiltonian Structure
We hcive shown that eq .(ll) (uhnits bi-Hamiltonian structure. Guided by tliis 
example we can find a class of Monge-Ampère equations which admits a second 
Hamiltonian operator compatible with the first. Such a Hamiltonian operator 
will be given in terms of two functions L, M entering into the Ansalz
J =
0 L
- L  MD + DM
(b'ia)
and the .lacobi identities enable us to determine the explicit dependence of 
L, M on Uxx,(ix. The result
‘ (15i)L
M =
auxx -H b 
«■(lx +  e
t x /v i  (1·'^ )(auxx -1- by
contains three functions a,b,c of three varicd)les, namely u and its first deriva­
tives Ux,q, which apart from the single reipiirement
(lutlx =  +  c, i\rxl)
can be chosen arbitrarily. The appearance of these arbitrary functions in the 
Hamiltonian o])erator (15) provides us with many op])ortunities for construct­
ing Monge-Ampère equations with multi-Hamiltonian structunu For example, 
it can be verified that tlui special case
1 + , .
I^Lr
-1
b =  c = 0
1.3
yields our earlier results for the bi-Hamiltonian structure of the homogeneous 
Monge-Ampère equation (11).
We must emphasize that the Ansatz in eq.(1.5a) does not yield the most 
general form of the second Hamiltonian operator compatible with the first. 
Eqs.(b5) describe a managable but rather restricted class of Hamiltonian oper­
ators appropriate to a family of integrable Monge-Ampère equations. With the 
important exception of the Martin systems in eqs.(‘2e), most of the interesting 
equations we have discussed in eqs.(2) are not in this class and further work 
is required in order to draw conclusions about their integrcdrility. Perhaps one 
of the sinqilest eqiuitions in the integrable category we have obtained above is 
given by
UuUxx -  tq / - uj·* {u '^h{;u,UχŸj  ^ (16)
where h is an arbitrary function of its arguments. Evidently the family of 
integrable Monge-Ampère eepiations is much larger than its formidable-looking 
nonlinecirity would suggest.
Geodesic Flow for Complex Homogeneous 
Monge-Ampere
Chapter 7
Recently Semmes [19] discussed the symplectic structure of the complex ho­
mogeneous Monge-Ampère equation (CHMA)
{ддиУ^ =  0 (17)
on a complex manifold M of dimension n. He introduced the notion of geodesics 
on JV, the space of smooth real-valued functions on I x M  where /  is a real 
interval. Thus for F e  J\i{I x M ) and (ddF)"· 0 the vector field
d [{ddFy^  ^ A dq A dq] d
^  ---------------- г--------= ----------- -^--------------- - -------àl< \(г)ПР>\ dq
(18)
defines geodesics on J\f. Here as well as in the following, it will be understood 
that volume forms on M  enclosed by square pariintheses automatically carry 
the Hodge star operator so that the result is a 0-form. We shall require F,q to 
be (7 ,^ (7* respectively. The discussion of the .symplectic structure of CHMA 
by Semmes is based on the Kahler 2-form
^ d dF
2%
which is not the relevant object that emerges from an examination of the 
Poisson structure of the flow (18). In chapters 4 and 5 we have found two 
linearly independent but compatible Hamiltonian operators for the simplest
14
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case of the real homogenous Monge-Ampère equcition (RHMA). An approach 
similar to the one in chajjters 4 and 5 reveals a picture of the symplectic 
structure of the geodesic equation for CHMA which is quite different from and 
complimentary to that of Semmes. Its advantage lies in the direct proof it 
furnishes for the complete integrability of the geodesic flow (18).
The Hamiltonian Structure for the Geodesics 
of CHMA
Chapter 8
The Hamiltonian operator for the СИМА geodesic flow is given by
/  0 ------- i
J ,=
l·^
Яе nq \dq Л {ddFy^-^ ^ д ] -  [¿M Л (ддFУ^-' ]
Я' [(ЯЯЯ)”]' fi' ¡(ddFy^
(19)
where ¡j, =  //(</) is an arbitrary function of its argument. The skew-symmetry 
of the operiitor (19) is manifest and the proof that it is a Hamiltonian operator 
consists of a rather lengthy check of the Jacobi identities, or the Schouten 
bracket. An equivalent and much easier proof is given below for the closure of 
the symplectic 2-form u.
The Hamiltonian operator maps differentials of functions into vector fields. 
That is, the geodesic flow for CHMA satisfies Hamilton’s equations
Ft
fit
=  X
F
= J A M ,) ( 20 )
where 8 denotes the variational derivative and the Hamiltonian function is 
given by
H, =  iJ,[{d'dFr\ (21)
16
1 7
which again contains the arbitrary function lJ,{q).
The Hamiltonian operator (19) is non-degenerate. Its inverse is also a local 
operator
Re {[^A da A {ddFy-^ ] - [ д a ^  A 5 ]} - a '  [(¿?^F)"]
'■] 0
( 2 2 )
where a' =  ¿u'/v· This yields the symplectic 2-form
CO =  a ' ( R e  (IF A [dcj A {ddF)'^-^ A d\ dF -f T [(a^T)"J dq A dF } (23)
which is the principal result of this chapter. For integrable complex structure 
u> can be simplified by expressing the exterior derivative in terms of d.
An alternative statement of the Hamiltonian structure of the geodesic flow 
for CHMA is
Lo(X) =  dH (24)
which follows by a direct application of the following
Lemma
Given the 2-form u>' =  adu A du  ^ and the vector field X ' =  rnd jdu  where the 
coefficients are functions of u and its derivatives, we have
u)'{X') =  (2arrix -|- mcix) du . (25)
The 2-form (23) is closed
duj =  0, (26)
as one can show readily by direct calculation. However, it is more instructive 
to note that by virtue of (26) in a local neighborhood we can write
(jj — d a ,
cv =  ^cr((/) ^ddF)"·^ (IF
(27)
by invoking the Poincare lemma. Together with the fact that = Id
eq.(26) serves as proof that the Hamiltonian operator (19) satisfies the .Jacobi 
identities.
18
The remarkable feature of the Hamiltonian operator (19) and the conserved 
quantities (21) as well as the symplectic 2-form (23) is the explicit appearance 
of the arbitrary function /i. Thus there are infinitely many symplectic 2-forms, 
Hamiltonian operators and conserved Hamiltonians in eqs.(23), (19) and (21). 
Furthermore the Hamiltonian operators are all compatible. This is evidently 
the first such example in the theory of the multi-Hamiltonian structure of 
completely integrable systems. We note that eqs.(20) consist of a statement of 
the Lenard-Magri recursion relation
(28)
and we have
Theorem ¡2
The geodesic flow for CHMA admits infinitely many compatible and non­
degenerate symplectic structures. It is therefore completely integrable by the 
theorem of Magri.
Corollary
RHMA is completely integrable.
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